New criteria for the existence of a positive equilibrium in reaction networks  by Choo, Sangmok & Lee, Namyong
Applied Mathematics Letters 24 (2011) 450–453
Contents lists available at ScienceDirect
Applied Mathematics Letters
journal homepage: www.elsevier.com/locate/aml
New criteria for the existence of a positive equilibrium in reaction
networks✩
Sangmok Choo a,∗, Namyong Lee b
a Department of Mathematics, University of Ulsan, Ulsan, 680-749, Republic of Korea
b Department of Mathematics and Statistics, Minnesota State University, Mankato, USA
a r t i c l e i n f o
Article history:
Received 6 September 2009
Received in revised form 24 October 2010
Accepted 28 October 2010
Keywords:
Chemical reaction network
Equilibrium
Dynamical system
a b s t r a c t
Deriving the behavior of a network from its structure is of interest and has been studied. In
this work, we find a new condition on the nodes of a network for obtaining some relation
between the network structure and its ability to have a positive equilibrium. This condition
replaces the concept of deficiency for use in such research.Moreover, it is easy to check this
condition even for large networks.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
Many systems including biological and chemical systems are studied by means of mathematical models of them based
on differential equations. To construct such a model, we need to know some quantitative information, like the reaction
types and the values of the parameters involved in each reaction. However, it is not easy to find the information. Thus it is
important to find some relation between the functionality of a network and the network structure.
There are number of works on finding such a relation using the concept of network deficiency [1]. Other different
conditions based on the injectivity property have been presented in recent papers [2,3].
Here,wepresent a newcondition onnodes of a network instead of the deficiency condition for the existence of its positive
equilibrium. Moreover, it is easy to check the new condition even for large networks, and there are networks satisfying the
condition [4,5].
2. Preliminaries
In this section, we define a network of interest and some notation, which will allow us to handle its structure
mathematically.
Definition 1. A chemical reaction network consists of three finite sets:
(i) a set S, whose elements are called the species of the network;
(ii) a set C of functions in PS called the complexes of the network;
(iii) a relationR ⊂ C × C having the following properties:
(a) (y, y) ∉ R for all y ∈ C.
(b) For each y ∈ C, there exists y′ ∈ C such that (y, y′) ∈ R or (y′, y) ∈ R.
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Fig. 1. (a) A network with five nodes [1]. (b) ERK signaling pathway. Arrows with a dot and bar mean activation and inhibition, respectively: for example,
Ras-GTP functions as an activator of the reaction Raf→ Raf∗ and RKIP an inhibitor of MEK→ MEK-pp [5].
The element (y, y′) ∈ R is denoted by a reaction y → y′ called a directed arrow from y to y′. Here P means the set of
nonnegative real numbers, P = P− {0}, and PS the vector space of nonnegative real-valued functions with the domain S.
Using Definition 1, we can assign each network to a directed graph with complexes and reactions as nodes and directed
arrows. Throughout this work, a network means a chemical reaction network or its directed graph if there is no specific
comment about the network.
A network is weakly reversible if each directed arrow is contained in a directed arrow circle. In Fig. 1(a), the network is
not weakly reversible because there is no directed arrow circle containing A → 2B. Replacing it with A  2B in Fig. 1(a)
makes the network weakly reversible.
For speciesA, B and positive real numbers ra, rb, the complex raA+rbB ∈ PS means (raA+rbB)(A) = ra, (raA+rbB)(B) = rb
and (raA + rbB)(s) = 0 if s ∉ {A, B}. For y ∈ C, let wy ∈ PC be a characteristic function: wy(y1) = 1 if y1 = y. Otherwise,
wy(y1) = 0. And the symbol [wy]y1 means wy(y1). For α ∈ PR , let αy→y′ denote the value of α at y → y′. See [1] for more
details and the proof of the following Lemma 1.
Lemma 1. A network is weakly reversible if and only if there exists α ∈ PR such that∑R αy→y′(wy′ − wy) = 0.
For convenience, defineWR ∈ PC, YR ∈ PS byWR =∑R αy→y′(wy′ − wy) and YR =∑R αy→y′(y′ − y).
Lemma 2. Assume there exists α ∈ PR such that∑R αy→y′(wy′ − wy) = 0. Then∑R αy→y′(y′ − y) = 0.
Proof. Let ys ∈ S and I be the index set satisfying {y ∈ C|y(ys) > 0} = {yς ∈ C|ς ∈ I}. Then we obtain
YR(ys) =
−
ς∈I
−
y,y′∈C
yς (ys)(αy→yς − αyς→y′) =
−
ς∈I
yς (ys)WR(yς ) = 0. 
For simplicity, we will assume that y(ys) = 1 for all complexes y and species ys with y(ys) > 0 without loss of generality.
The differential equation corresponding to a chemical reaction network (S,C,R) with a kineticsK can be written as
the vector form dcdt =
∑
RKy→y′(c)(y′ − y), c ∈ PS whereKy→y′ : PS → P andKy→y′(c) is the kinetics of the reaction
y → y′ at c. Let y ∼ y′ denote y → y′ or y′ → y. This is an equivalence relation on C which induces equivalence classes
called the linkage classes of the network. The rank of the network is the rank of the set {y− y′|y → y′ ∈ R}. The deficiency
for a chemical reaction network is defined by n − ℓ − r where n, ℓ, r are the number of complexes, the number of linkage
classes, and the rank of the network, respectively. More details and the proof of Lemma 3 can be found in [1].
Lemma 3. Assume that the deficiency of a network is zero. If the network is not weakly reversible, then the differential equation
corresponding to the network with an arbitrary kinetics cannot have a positive equilibrium.
Remark 1. A weakly reversible network is defined graphically with a directed arrow circle. So it is not difficult to check
non-weak reversibility.
In order to calculate the deficiency of a network, it is necessary to find a maximal linearly independent subset of
{y− y′|(y, y′) ∈ R}. Finding such a subset is not easy for large-size networks.
3. Main results
In this section, we present a condition on the set of complexes for obtaining the result in Lemma 3 without checking the
deficiency condition.
Definition 2. Properties (P1) and (P2) on the set C of a chemical reaction network are defined as follows: for i = 1, . . . , ν:
(P1) There exists {Ci|i = 1, . . . , ν} such that C = ∪νℓ=1 Cℓ and Ci ⊂ C − ∪i−1ℓ=1 Cℓ.
(P2) Each complex yi in Ci has a species ysi such that y(y
s
i ) = 0 for all y in C −∪i−1ℓ=1(Cℓ ∪ {yi}). Here ∪i−1ℓ=1 Cℓ (i = 1)means
the empty set.
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In Fig. 1(a), letting C = {A+ C, B+ E,D, A, 2B},C1 = {A+ C, B+ E,D},C2 = {A, 2B}, and ν = 2, the network satisfies
(P1) and (P2). There are number of recent papers which show networks satisfying (P1) and (P2) [4,5].
Remark 2. The construction Ci (1 ≤ i ≤ ν) satisfying (P1) and (P2) is easy even for large networks: assume that there is
only one linkage class. C1 is the set of all complexes y1 having their species ys1, which is not contained in other complexes.
C2 is the set of all complexes y2 ∈ C −C1 having their species ys2 which other complexes in C − (C1 ∪ {y2}) do not contain.
Repeat this process. Then the Ci satisfy (P1) and (P2). A similar process can be applied for the case of more than one linkage
class.
Using (P1) and (P2) instead of the deficiency condition in Lemma 3, we can obtain the same result as in Lemma 3.
Theorem 3. Let a network satisfy (P1) and (P2) in Definition 2. If the differential equation corresponding to the network with a
kinetics has a positive equilibrium, then the network is weakly reversible.
Proof. Let Ci satisfy (P1) andRi = {yi0 → yi1 ∈ R − Ri−1|yi0 ∈ Ci or yi1 ∈ Ci}(R0 = ∅, 1 ≤ i ≤ ν). The existence of a
positive equilibrium implies that
∑
R αy→y′(y′ − y) = 0 for some α ∈ PR , which means YR(ys) = 0 for all ys ∈ S. To prove
this theorem, we use Lemma 1 with an induction.
Step 1. Let y1 ∈ C1. UsingR1, YR = 0 and ys1 in (P2), we obtain
WR(y1) = WR1(y1) = YR1(ys1) = YR−R1(ys1)+ YR1(ys1) = YR(ys1) = 0.
Step 2. Assume WR(yi) = 0 for yi ∈ Ci (1 ≤ i ≤ ρ). Using the assumption and definition of Ri, we obtain
WRi(yi) = WR(yi)−WR−Ri(yi) = 0. Thus Lemma 2 withWRi = 0 implies Y∪ρi=1 Ri = 0.
Step 3. Let yρ+1 ∈ Cρ+1. It follows from Step 2 and ysρ+1 in (P2) that
WR(yρ+1) = WRρ+1(yρ+1) = (Y∪ρi=1Ri + YRρ+1 + Y∪νi=ρ+2Ri)(y
s
ρ+1) = YR(ysρ+1) = 0.
Therefore, we obtainWR = 0 and then Lemma 1 completes the proof. 
In order to distinguish chemical reaction networks from other networks with inhibition or activation as in Fig. 1(b), we
rename a chemical reaction network as a Network I.
Definition 4. A network is called a Network II if the network is a Network I with a relationRia ⊂ C ×R.
In Fig. 1(b),Ria has five elements, one of which is (Ras-GTP, Raf → Raf∗). Using the concept of weak reversibility for a
Network I, we define the concept for a Network II as follows.
Definition 5. A Network II(S,C,R,Ria) is weakly reversible if the network (S,C,R) is weakly reversible.
TheNetworkII in Fig. 1(b) isweakly reversible. Definition 5means that the relationRia of aNetworkII is not considered
when checking its weak reversibility. Thus Lemmas 1 and 2 hold for every Network II.
For every Network II(S,C,R,Ria), the differential equation corresponding to the network with a kinetics K can be
written as that corresponding to the Network I(S,C,R) with a kinetics Ky→y′(c), where Ky→y′(c) has the effect of all
y1 in (y1, y → y′). For example, in Fig. 1(b), KRKIP→RKIP′(c) = k1[RKIP]k2+[RKIP] [ERK-pp]. Here k1, k2 are constants and [RKIP] is
the concentration of RKIP. Thus if the differential equation corresponding to a Network II with a kinetics has a positive
equilibrium, then there exists α ∈ PR such that∑R αy→y′(wy′ − wy) = 0. Hence, we can apply the proof of Theorem 3 to
a Network II satisfying (P1) and (P2) to obtain the following Theorem 6.
Theorem 6. Let a Network II satisfy the properties (P1) and (P2). If the differential equation corresponding to the network with
an arbitrary kinetics has a positive equilibrium, then the network is weakly reversible.
For a Network I, Lemma 3 needs the condition of deficiency zero to show non-existence of a positive equilibrium. Using
Theorems 3 and 6, however, we can obtain the same result without checking the condition for some of network types.
Theorem 7. Assume that a Network I and Network II satisfying (P1) and (P2) are not weakly reversible. Then the differential
equations corresponding to the networks with arbitrary kinetics cannot have a positive equilibrium.
Remark 3. Since Fig. 1(a) is a Network I satisfying (P1) and (P2) and not weakly reversible, the differential equation
corresponding to the network cannot have a positive equilibrium. Fig. 1(b) is a weakly reversible Network II satisfying
(P1) and (P2). Thus we cannot apply Theorem 7 to this network.
Remark 4. Networks satisfying (P1) and (P2) have zero deficiency but the converse is not true. For instance, the network
A+ B → B+ C → C + A does not satisfy (P1) and (P2) but has zero deficiency.
S. Choo, N. Lee / Applied Mathematics Letters 24 (2011) 450–453 453
References
[1] M. Feinberg, The existence and uniqueness of steady states for a class of chemical reaction networks, Arch. Ration. Mech. Anal. 132 (1995) 311–370.
[2] M. Banaji, P. Donnell, S. Baigent, P matrix properties, injectivity, and stability in chemical reaction systems, SIAM J. Appl.Math. 67 (6) (2007) 1523–1547.
[3] G. Craciun, M. Feinberg, Multiple equilibria in complex chemical reaction networks: II. The species–reaction graph, SIAM J. Appl. Math. 66 (4) (2006)
1321–1338.
[4] N.I. Markevich, J.B. Hoek, B.N. Kholodenko, Signaling switches and bistability arising frommultisite phosphorylation in protein kinase cascades, J. Cell.
Biol. 164 (3) (2004) 353–359.
[5] S.Y. Shin, O. Rath, S.M. Choo, F. Fee, B. McFerran, W. Kolch, K.H. Cho, Positive- and negative-feedback regulations coordinate the dynamic behavior of
the Ras–Raf–MEK–ERK signal transduction pathway, J. Cell. Sci. 122 (2009) 425–435.
